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Scaling of the velocity power spectra in turbulent thermal convection
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~Received 3 May 2001; published 19 November 2001!

We report measurements of the local velocity in a convection cell filled with water. In the buoyancy
subrange~the scales between the Bolgiano scalef B and the integral scalef o), two scaling regions of the
velocity frequency power spectra, separated by the peak frequencyf p of the dissipation spectra, are found. For
f p, f , f B , we observe a power law with the Bolgiano-Obukhov scaling exponent211/5. Forf o, f , f p , an
unexpected scaling with an exponent21.35 is observed. We also found that the velocity power spectra are
universal functions with respect to the characteristic scalesf p . and f B.
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Turbulent thermal convection continues to attract cons
erable interests as a model system for turbulence studies
important issue in the study of turbulent convection is
determine the relevant dynamics that drive turbulent ene
cascade at different length scales, which is manifested
different scaling laws of the energy spectrum for differe
ranges of the wave number. Bolgiano and Obukhov~BO!
have long proposed, based on dimensional arguments,
for stably stratified convection two different dynamics co
trol the cascade of turbulent energy within the usual iner
range. Above the Bolgiano lengthl B is the so-called buoy-
ancy subrange in which buoyancy is the dominant force,
one has the BO scaling where the energy spectrum de
with a power lawk211/5; below l B inertia becomes the driv
ing force and one observes the Kolmogorov-Obukhov~KO!
scaling with k25/3 @1#. Subsequently, BO scaling has be
more rigorously shown to hold for unstably stratified conve
tion as well@2–4#, to which the Rayleigh-Be´nard configura-
tion belongs. Furthermore, it is revealed that BO scaling c
responds to an energy cascade with a scale-indepen
entropy flux, as opposed to a constant energy flux for
scaling@3#.

While the statistics and scaling properties of the tempe
ture field appears to be well studied experimentally@5,6#,
corresponding studies in the velocity field remain scarce.
first measurement of the scaling properties of the velo
field was done in water convection by a homodyne spect
copy technique, where a first-order velocity structure fu
tion ^dy(l )&, integrated over the distancel , was measured
and BO scaling was observed@7#. More recently, velocity
spectra with an exponent close to the predicted BO va
was also observed in a laser Doppler velocimetry~LDV !
measurement in gas convection near the gas-liquid crit
point, in which critical density fluctuations were used
scatterers@8#. Thus, although BO scaling has been observ
in the velocity spectra to various degrees, more direct
detailed study of the velocity spectra are clearly needed.

In this Rapid Communication, we report results from l
cal velocity measurements in a Rayleigh-Be´nard convection
cell filled with water. The cell is a cylinder of inner diamet
19 cm with a heightL519.6 cm, and its upper and lowe
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plates are made of copper with gold-plated surface. The t
perature of the upper plate is regulated by passing cold w
through a chamber fitted on its top. To ensure tempera
uniformity of the top plate, the cooling chamber is fitted wi
two inlets and two outlets and with stirring blades driven
the incoming water jets. The lower plate is heated at a c
stant rate with an imbedded film heater. The temperat
differenceDT between the two plates is monitored by fo
thermistors imbedded inside the plates. The measured
tive temperature difference between the two thermistors
the same plate is less than 1% for both plates at all Rayle
numbers~Ra!, the rms temperature fluctuation is less th
0.01 °C for the top plate and 0.04 °C for the bottom. T
vertical component of the velocity is measured for sev
Rayleigh numbers, which are listed in Table I with the co
responding values ofDT and Prandtl numbers~Pr!. For Pr
53.07 the fluid’s mean temperature is;59 °C, and thus a
Pyrex glass cylinder is used as the sidewall instead of
Plexiglas one as the case for other points. Qiuet al. have
recently shown that, apart from regions near the top a
bottom thermal boundary layers, LDV is capable of meas
ing local velocity in turbulent convection in water@9#. In our
experiment, a commercial LDV~Dantec Ltd.! is used to
measure the local velocity near the vertical sidewall of
convection cell. The size of the LDV measuring volume
about 75mm and the fluid is seeded with neutrally buoya
2-mm diameter latex spheres as scatterers.

TABLE I. Rayleigh, Prandtl, and Reynolds numbers, and
local mean and the rms velocities of the seven spectra. Also li
are the corresponding temperature difference across the conve
cell.

DT Ra Pr Re v̄ v rms

(°C) ~mm/s! ~mm/s!

1.26 1.23108 6.98 758 1.71 1.47
2.92 2.93108 6.97 1138 1.94 1.61
4.57 4.83108 6.80 1344 2.63 2.09
8.44 9.93108 6.50 1934 4.73 3.22

16.37 2.43109 5.91 3036 7.06 4.25
27.74 7.33109 4.30 6362 11.68 6.52
54.40 2.331010 3.07 13941 20.35 10.84
©2001 The American Physical Society01-1
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FIG. 1. ~Color! Autocorrelation functionC(t) of the vertical velocity measured at Ra52.43109 and at respective distancesx
50.5 cm~red!, 1.3 ~blue!, 2.7 ~black!, 4.0 ~dark yellow!, and 10.0~green! from the sidewall. Inset: A segment of the velocity time ser
for x52.7 and for the same Ra.
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We examine first the measured autocorrelation function
velocity fluctuations C(t)5^dv(t1t)dv(t)&/^(dv)2&,
wheredv5v2 v̄. Figure 1 plots severalC(t)s as a function
of the lag timet for Ra52.43109, taken at respective dis
tancesx50.5 cm ~red!, 1.3 ~blue!, 2.7 ~black!, 4.0 ~dark
yellow!, and 10.0~green! from the sidewall, all at mid-heigh
of the cell and within the rotational plane of the large-sc
circulation ~the arrows indicate the peaks forx52.7). The
inset shows a 300-sec segment of the velocity time series
the positionx52.7 cm. From the time series, we see that
velocity has large periodic excursions (;50 s), both posi-
tive and negative, from the mean, which corresponds we
the periodT given byC(t). These excursions represent t
sudden accelerations and decelerations, or oscillations~but
not directional reversals! of the large scale flow, and tha
C(t) remains correlated for many periods implies this pe
odic fluctuation of the mean flow is highly coherent. T
existence of the large scale circulation in turbulent conv
tion has long been observed by flow visualization and ot
methods, the correlation function now provides a more qu
titative measure of its coherence. The mean velocity profi
we obtained are similar to that reported by Qiuet al. @9#, for
example, the mean velocityv̄ becomes linearly dependent o
the distance when it is less thanv rms . For the present Ra
x50.5 is close to the viscous boundary layer, the positi
x51.3, 2.7, and 4.0 are in the so-called mixing zone@9#,
wherev̄.v rms andx510.0 is near the cell center. Note th
C(t) for x510.0 cm ~green curve! becomes rather nois
after the first peak. This is probably due to the zero me
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velocity in this position, which results in low data rate an
reduced signal to noise ratio. Nevertheless, it is seen
even at this position the signature of an oscillatory flow c
still be detected. All power spectra presented below are m
sured at positions about 2.7 cm from the sidewall and
mid-height.

It is seen from Fig. 1 that the frequency of coherent v
locity oscillation f o5T21 @first peak ofC(t)# of the large-
scale flow is approximately position-independent. We th
take this characteristic frequencyf o as the scale of energ
injection ~or the integral scale! in the frequency domain. We
also define a Reynolds number Re5(4L f o)L/n based onf o .
The values of Re together with the mean and rms value
the local velocity where the power spectra are taken
listed in Table I. In turbulence studies, theoretical results
usually presented in the wave-number domain, while exp
mental data are in the frequency domain. To make a co
parison, one usually needs to invoke Taylor’s frozen-flo
hypothesis, which in general, requires the mean flow is m
larger than the rms velocity. In turbulent convection, t
mean velocity is generally not much larger than the r
value in most part of the cell~as can be seen from Table I!,
and is zero in the cell center where many measurements
been made@5,7#. Although, a coincidence between expe
mentally measured wave-number spectra and freque
spectra of the temperature in thermal convection was fo
@6#, the use of Taylor’s assumption should nonetheless
handled with caution. In below, we present all results in
frequency domain, but bear in mind that it is the wav
number spectrum from theory that we are comparing w
1-2
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The acquisition time of all our velocity data is 7 hours wi
the mean data rate ranging from 14 to 61 Hz, the obtai
velocity records thus contain from 3.53105 to 13106 data
points. With the acquired velocity time series, we obtain
frequency power spectra using a fast Fourier transform p
gram provided by Dantec. In calculating the spectrum,
program uses a resampling technique@‘‘sample and hold’’~S
and H!# to interpolate the irregularly spaced time series t
is inherent to the LDV technique. The S and H method h
been shown to produce accurate spectra for frequencies
n/2p, wheren is the mean data rate@10# and all our data
satisfy this criterion. As a check, we also did a linear int
polation to convert the velocity data into equal-time-spac
records and then calculated the spectra using the softw
MATLAB , and find good agreement between the two metho

Figure 2 shows the velocity frequency power spectraP( f )
for the seven Ra numbers. The peak near the low-freque
end indicates the oscillation frequencyf o5T21 of the mean
flow, as already obtained from the correlation function. B
with the correlation function, we can determine the oscil
tion time more accurately than from the power spectra~due
to the latter’s uneven spectra point distribution in the l
scale!. We find that velocity power spectra measured in ot
positions in the mixing zone are similar to those in Fig.
The peak wave numberkp of the energy dissipation spectr
k2E(k) has been shown to be the characteristic scale for
collapsing of the kinetic-energy spectra for Navier-Stok
turbulence@11#, and the same feature is also observed
cently for temperature frequency power spectra@12#. The
inset of Fig. 2 shows an example of the velocity dissipat
spectraf 2P( f ), where the peak frequencyf p at which dissi-
pation reaches maximum is indicated~the exact values off p
are determined through a six-order polynomial fit!. We show
in Fig. 3 the scaled spectraP( f )/P( f p) versus the scaled
frequencyf / f p in a log-log plot. It is seen thatf p is indeed
the characteristic frequency with respect to which veloc
power spectra for different values of Ra have a univer
form. Figure 3 also reveals the existence of two power-l
regions in the spectra roughly separated byf p . In the figure,

FIG. 2. Frequency power spectra of the measured vertical
locity, with Ra increasing from left to right. Inset: Dissipation spe
trum for Ra57.33109.
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f B indicates the frequency corresponding to the Bolgia
length~see below!. A best fit to the ‘‘low-frequency’’ scaling
region yields an exponent of21.35. The inset of Fig. 3
shows compensated spectraf aP( f ) versusf for a51.35 and
11/5, and for two values of Ra, respectively. Here, the th
retically predicted exponent211/5 for the BO scaling of the
velocity spectra is used. The highly sensitive compensa
plot clearly shows the existence of two power-law regio
with very different exponents. The two solid lines in th
main figure have slopes exactly as indicated. Thus, star
from the integral scalef o , the velocity spectra decays as
power law with an exponent of21.35 to a scale aroundf p
and then continue to decay with the much steeper BO ex
nent211/5 down to the Bolgiano scalef B .

In Fig. 4 we plot the Ra dependence of the few relev
frequency scales,f o ~up triangles! obtained from the auto-
correlation function andf p ~solid circles! from the dissipa-
tion spectra. The solid lines are simple power-law fits:f o
52.331026 Ra0.4260.01 and f p52.5831028 Ra0.7460.02. The
open circles in Fig. 4 are the calculated ‘‘Bolgiano fr
quency’’ f B5 v̄/ l B , wherev̄ is the local mean velocity and
l B5LNu1/2/(RaPr)1/4 is the theoretically predicted Bolgian

e-
FIG. 3. Scaled velocity spectra for the ones shown in Fig.

Inset: Compensated spectraf aP( f ) for Ra57.33109 ~light lines!
and 2.331010 ~dark lines! and fora51.35 and 11/5, respectively

FIG. 4. Rayleigh number dependencies of the characteristic
quency scalesf o , f p , f B ~open circles!, f B(5.9/Pr)0.49 ~diamonds!,
and f k . See text for the power-law fits.
1-3
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length@6# for which the experimental values of Nu, Ra, a
Pr are substituted. Also shown is the similarly-obtained d
sipation scalef k ~down triangles!, corresponding to the Kol-
mogorov lengthhk5LPr1/2/(RaNu)1/4 @6# and the solid line
is a power-law fitf k51.3831028 Ra0.9460.02. Notice thatf B
shown in the figure appears to curve slightly. From Tabl
we see the Prandtl number varied by a factor of two, thusf B
is plotted against Ra without holding Pr as a constant. Co
bining the Pr dependence ofv̄ and that ofl B , we obtainf B
;Pr0.49 @13#. To account for this Pr variation, we multiplyf B
by (5.9/Pr)0.49 and the results are shown as diamonds in F
4. It is seen that, except for the lowest point, normalizi
data to a fixed Pr(55.9) brings most points closer to
straight line. The value 5.9 is chosen because it is in
middle of the range~third point from right!, which results in
the least change in the overall magnitude off B ( f k , on the
other hand, has a much weaker Pr dependence than th
f B , so is less scattered!. Figure 4 shows thatf B and f p have
essentially the same Ra dependence, and a power-law fit~top
solid line! to the diamonds produces an exponent of 0
60.02 for f B . By fixing this exponent to 0.74 we obtai
f B.6 f p . This is indicated in Fig. 3 where we see thatf B is
essentially the frequency at which the velocity spectraP( f )
intersects the noise floor and thus is the cutoff frequency
turbulent kinetic-energy excitation. This implies that there
no further cascade of energy beyond the so-called buoya
subrange for the present range of Ra and Pr, and this hap
at frequencies much smaller than the dissipation scalef k .
Note that the constant ratio betweenf B and f p implies the
spectra can also be scaled with respect tof B , which is in-
deed the case. It has been theoretically predicted that
range for BO scaling increases with increasing Ra@2#. But
due to the existence of the new21.35 scaling, it is seen from
Fig. 4 ~and also Fig. 3! that although the overall scalin
range~the gap betweenf B and f o) is increased with increas
ing Ra, this increase goes almost entirely to the new sca
region ~the gap betweenf p and f o) and the range for the
Bolgiano scaling increases very little. Because the ‘‘ori
nal’’ buoyancy subrange now contains two scaling rang
the range of the BO scaling is shortened, which is about
a decade as seen from Fig. 3.
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In most studies of temperature fluctuations in turbule
convection, only BO scaling was observed@5,6# and there
appears to be mixed results for the existence of K41-t
scaling@14#. Recently, there is evidence that different sc
ings may exist in different regions of the cell@12#. In any
case, no power-law decay was observed for scales larger
l B other than the BO scaling. While it is not clear to us w
only BO scaling was observed in the earlier studies of vel
ity spectra, we note that the measured velocity struct
function in Ref.@7# was integrated along the slit width ove
where velocity difference was taken; and for the work
ported in Ref.@8#, the authors noted that the high level
white noise significantly limits the dynamic range of the
spectra. Recently, Qiuet al.observed evidence that the risin
and falling plumes along the sidewall of the cell may a
coherently to provide a driving mechanism for the larg
scale mean flow@9#. Indeed, by considering the possibilit
that thermal plumes can impart kinetic energy to the veloc
field both directly and via buoyancy, Grossmann and Loh
have obtained a velocity spectrum that shows a decay slo
than either BO or KO scaling@15#. But this plume-driven
regime was predicted to occur at length scales smaller t
the Bolgiano length, i.e., following the buoyancy-drive
range, which is opposite to the findings here. Clearly, furt
investigations, both theoretical and experimental, are nee
to understand the new scaling.

In summary, we have made local velocity measureme
in a water convection cell for over two decades of Rayle
numbers. In the buoyancy subrange~the scales betweenf B
and f o), two scaling regions separated by the peak freque
f p of the dissipation spectra are observed in the veloc
frequency power spectra. Forf p, f , f B , we observe a
power law with an exponent that is in excellent agreem
with the predicted Bolgiano-Obukhov value of211/5. For
f o, f , f p , an unexpected scaling with an exponent
21.35 is observed. We also found that the velocity spec
can be scaled to collapse on a single curve with respect tof p
as well asf B.

We gratefully acknowledge support of this work by th
Research Grants Council of Hong Kong SAR under Gr
No. CUHK 4224/99P.
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